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In this work we study the nonlinear sinh–Gordon equation in (1+ 1), (2+ 1) and (3+ 1)
dimensions. We use the simplified form of Hirota’s method, to derive one and two soliton
solutions for each equation.
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1. Introduction
The sinh–Gordon equation
utt − uxx + sinh u = 0, (1)
is widely used in physics and sciences. The sinh–Gordon equation (1) appears in integrable quantum field theory, kink
dynamics, fluid dynamics, and in many other scientific applications. There is a growing interest in the study of the
sinh–Gordon equation, the double sinh–Gordon equation, and the triple sinh–Gordon equation. It is well known that
searching for explicit solutions for nonlinear evolution equation, by using differentmethods, is the goal formany researchers.
The sinh–Gordon equation appears also in (2+ 1) dimensions and (3+ 1)-dimensions of the form
utt − uxx − uyy + sinh u = 0, (2)
and
utt − uxx − uyy − uzz + sinh u = 0, (3)
respectively.
Various methods [1–19] have been used to conduct analysis on the nonlinear evolution equations. Examples of
the methods that have been used so far are Hirota’s bilinear method, the Bäcklund transformation method, Darboux
transformation, the Pfaffian technique, the inverse scattering method, the Painlevé analysis, the generalized symmetry
method, the subsidiary ordinary differential equation method (sub-ODE), the coupled amplitude–phase formulation, the
sine–cosinemethod, the sech–tanhmethod, the mapping and the deformation approach, andmany other methods. Hirota’s
bilinear method [7–10], and the Hereman–Nuseir form [11] are rather heuristic, significant, and possess powerful features
that make it practical for the determination of multiple soliton solutions for a wide class of nonlinear evolution equations.
The computer symbolic systems such as Maple and Mathematica allow us to perform complicated and tedious calculations.
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The objectives of this work are twofold. First, we seek to conduct an analytic treatment of the sinh–Gordon equation
(1)–(3) aiming to determine one and two soliton solutions for these equations. The second goal is to show that the simplified
form of Hirota’s method is reliable to achieve the goals set for this work. The simplified Hereman–Nuseir method is
significant because of its ease of use and does not require the use of the bilinear forms as set by Hirota’s method [7–10]. The
essential steps of the Hereman–Nuseir method is well known in the literature and details can be found in [10,11,13–19].
2. The sinh–Gordon equation
In this section, we will determine one and two soliton solutions of the sinh–Gordon equation
utt − uxx + sinh u = 0. (4)
To determine the dispersion relation, we substitute
u(x, t) = eθi , θi = kix− αi t, (5)
into the linear terms of (4) to find that the dispersion relation is given by
αi = ±

k2i − 1, i = 1, 2, (6)
and hence θi becomes
θi = kix±

k2i − 1 t. (7)
In [7–10], it was shown that the soliton solutions of the sinh–Gordon equation are expressed by
u(x, t) = 4 arctanh

f (x, t)
g(x, t)

. (8)
Based on this result, we can rewrite (8) as
tanh

u(x, t)
4

= f (x, t)
g(x, t)
. (9)
Using the identities of the hyperbolic functions for sinh u, we can show that
sinh u = η
2 − η−2
2
, (10)
where
η =

g + f
g − f
2
, (11)
and the auxiliary functions f (x, t) and g(x, t) for the single soliton solution are defined by
f (x, t) = eθ1 = ek1x±α1 t ,
g(x, t) = 1. (12)
Consequently, the single soliton solution reads
u(x, t) = 4 arctanh

f (x, t)
g(x, t)

= 4 arctanh ek1x±α1 t , (13)
where α1 is defined above in (6).
For the two-soliton solutions the two auxiliary functions f (x, t) and g(x, t) are defined by
f (x, t) = eθ1 + eθ2 = ek1x±α1 t + ek2x±α2 t ,
g(x, t) = 1− a12eθ1+θ2 = 1− a12e(k1+k2)x±(α1+α2) t .
(14)
Using (14) in (8) and substituting the result in the sinh–Gordon equation (4), we find that the phase shift a12 is given by
a12 = 1− k1k2 + α1 α21+ k1k2 − α1 α2 . (15)
Consequently, the two-soliton solutions are obtained by substituting (15) and (14) into (8), where we obtain
u(x, t) = 4 arctanh

ek1x±α1 t + ek2x±α2 t
1− 1−k1k2+α1 α21+k1k2−α1 α2 e(k1+k2)x±(α1+α2) t

. (16)
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3. The (2+ 1)-dimensional sinh–Gordon equation
The (2+ 1)-dimensional sinh–Gordon equation
utt − uxx − uyy + sinh u = 0, (17)
will be examined to determine one and two soliton solutions. This equation was handled using numerical and analytical
approaches. However, in this section we will conduct our analysis by applying the simplified form of Hirota’s method [11];
hence we will follow the same approach used earlier.
To determine the dispersion relation, we substitute
u(x, y, t) = eθi , θi = kix+ riy− βi t, (18)
into the linear terms of (17) to find that the dispersion relation is defined by
βi = ±

k2i + r2i − 1, i = 1, 2, (19)
and hence θi becomes
θi = kix+ riy±

k2i + r2i − 1 t. (20)
Proceeding as before, the soliton solutions of the two dimensional sinh–Gordon equation are expressed by
u(x, y, t) = 4 arctanh

f (x, y, t)
g(x, y, t)

. (21)
This means that we can rewrite (21) as
tanh

u(x, y, t)
4

= f (x, y, t)
g(x, y, t)
. (22)
Using the hyperbolic identity for sinh u, we can show that
sinh u = η
2 − η−2
2
, (23)
where
η =

g + f
g − f
2
. (24)
The auxiliary functions f (x, y, t) and g(x, y, t) for the single soliton solution are defined by
f (x, y, t) = eθ1 = ek1x+r1y±β1 t ,
g(x, y, t) = 1. (25)
Consequently, the single soliton solution reads
u(x, y, t) = 4 arctanh ek1x+r1y±β1 t , (26)
where β1 is defined above in (19).
For the two-soliton solutions the two auxiliary functions f (x, y, t) and g(x, y, t) are defined by
f (x, y, t) = ek1x+r1y±β1 t + ek2x+r2y±β2 t ,
g(x, y, t) = 1− a12e(k1+k2)x+(r1+r2)y±(β1+β2) t .
(27)
Using (27) in (21) and substituting the result in the two dimensional sinh–Gordon equation (17), we find that the phase shift
a12 is given by
a12 = 1− k1k2 − r1r2 + β1 β21+ k1k2 + r1r2 − β1 β2 . (28)
Consequently, the two-soliton solutions are obtained by substituting (28) and (27) into (21) to find where we obtain
u(x, y, t) = 4 arctanh

ek1x+r1y±β1 t + ek2x+r2y±β2 t
1− 1−k1k2−r1r2+β1 β21+k1k2+r1r2−β1 β2 e(k1+k2)x+(r1+r2)y±(β1+β2) t

. (29)
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4. The (3+ 1)-dimensional sinh–Gordon equation
In this section, we will study the (3+ 1)-dimensional sinh–Gordon equation
utt − uxx − uyy − uzz + sinh u = 0. (30)
The same analysis presented earlier will be used here.
We substitute
u(x, y, z, t) = eθi , θi = kix+ riy+ siz − γi t, (31)
into the linear terms of (30) to find the dispersion relation
γi = ±

k2i + r2i + s2i − 1, i = 1, 2, . . . ,N, (32)
and hence θi becomes
θi = kix+ riy+ siz ±

k2i + r2i + s2i − 1 t. (33)
The soliton solution for the sinh–Gordon equation reads
u(x, y, z, t) = 4 arctanh

f (x, y, z, t)
g(x, y, z, t)

. (34)
Recall that
sinh u = η
2 − η−2
2
, (35)
where
η =

g + f
g − f
2
. (36)
The auxiliary functions f (x, y, z, t) and g(x, y, z, t) for the single soliton solution are defined by
f (x, y, t) = ek1x+r1y+s1z±γ1 t ,
g(x, y, t) = 1. (37)
Consequently, the single soliton solution reads
u(x, y, z, t) = 4 arctanh ek1x+r1y+s1z±γ1 t , (38)
where γ1 is defined above in (32).
For the two-soliton solutions, the two auxiliary functions f (x, y, z, t) and g(x, y, z, t) are defined by
f (x, y, z, t) = ek1x+r1y+s1z±γ1 t + ek2x+r2y+s2z±γ2 t ,
g(x, y, z, t) = 1− a12e(k1+k2)x+(r1+r2)y+(s1+s2)z±(γ1+γ2) t .
(39)
Using (39) in (34) and substituting the result in the three dimensional sinh–Gordon equation (30), we find that the phase
shift a12 is given by
a12 = 1− k1k2 − r1r2 − s1s2 + γ1 γ21+ k1k2 + r1r2 + s1s2 − γ1 γ2 . (40)
Consequently, the two-soliton solutions are obtained by substituting (40) and (39) into (34), where we obtain
u(x, y, z, t) = 4 arctanh

ek1x+r1y+s1z±γ1 t + ek2x+r2y+s2z±γ2 t
1− 1−k1k2−r1r2−s1s2+γ1 γ21+k1k2+r1r2+s1s2−γ1 γ2 e(k1+k2)x+(r1+r2)y+(s1+s2)z±(γ1+γ2) t

. (41)
5. Discussion
The sinh–Gordon equations in (1 + 1), (2 + 1) and (3 + 1) dimensions were investigated. Simplified Hirota’s method,
established by Hereman and Nuseir in [11] was used. The one soliton solution and the two soliton solutions were formally
derived for eachmodel. The obtained solutions are definedwhere the coefficients of the spatial variables are free parameters.
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